The general usefulness of various local and non-local approximations to the exchange-correlation potential in density functional theory is studied by comparing resulting electron density distributions to essentially exact results for light atoms. The correlation contribution to the electron density in CO and Hz0 is compared with CI results. It is concluded that density functional theory provides a viable alternative to HF and CI approaches for the calculation of deformation densities, although the response of the electron density to the correlation potential is only moderately accurate.
Introduction
Much of our understanding of chemical bonding is based on the electron density distribution [ l-31, the fundamental variable to describe the ground state of a system in an external potential according to density functional theory (DFT) [ 
41.
DFT has become an indispensable tool in calculating the ground-state electronic properties of solids [ 5 1 . Although equally applicable to finite systems, DFT has not yet superseded Hartree-Fock (HF) and the computationally more demanding configuration interaction (CI) approaches.
In DFT, the many-body problem of N electrons moving in a local external potential is reformulated in terms of a single-particle equation describing an electron moving in the mean field of the remaining N-1 electrons [ 61. The many-body nature enters via the complexity of the mean field, for which some approximation must be adopted. The simplest, and most often used, is the local density (LD) approximation, justified only in the limit of slowly varying densities, but nevertheless yielding surprisingly accurate results for atoms and molecules, systems with a rapidly varying density [ 7-9 1. Important contri- butions improving on the LD approximation have recently been made by Langreth, Perdew, Mehl, and Hu [ lo-13 1. However, discrepancies with CI results and experiment leave room for further refinements.
The aim of the present paper is to investigate whether DFT provides a viable alternative to HF and CI methods for calculating, for atoms and molecules, the electron density distribution and properties derived from it. To test the domain of validity of various local and non-local approximations to exchange and correlation in DFT, results are compared with those obtained from accurate uncorrelated (HF) and correlated (CI) wavefunctions, available only for a limited selection of atoms and small molecules. Studied here are the ground-state electron density distributions of the closed-shell systems He, Li+, Be*+, Be, Ne, Na+, Mg*+, Mg, Ar, K+, Ca*+, CO, and H20.
Methods

Exchange-correlation potentials
Applying the variation principle to the total electronic energy of a molecular containing N electrons and, in the spin- (1) leads to the set of coupled Schriidinger-type oneelectron equations -iV'+ucxt+ 5 (2) where (3) is the electron density distribution, v,,, the Coulomb potential produced by the atomic nuclei, and (4) the exchange-correlation potential. In the LD approximation, the exchange-correlation energy E,, is approximated by Excbl= s mdp) d3r, (5) where exe is the exchange-correlation energy per particle of the homogeneous electron gas, resulting in an exchange-correlation potential vxc = $ [PCxc(P) 1 .
Consequently, the LD approximation is uniquely defined in terms of the exact but imprecisely known properties of the homogeneous electron gas. Within this approximation, the exchange part vx of tic leads to the simple expression arrived at by Kohn Apart from errors inherent in assuming a local character, the exchange energy only partially corrects 46 for self-interaction errors, resulting in an exponential decay of the exchange potential instead of the -1 /r behaviour at large distances from the nuclei of neutral atoms. So far, correction procedures have proved to be either unsatisfactory or orbital dependent, an undesired property. The correlation energy is also affected by self-correlation errors. In molecular systems, the correlation energy of like-spin electron pairs is small compared to that of opposite-spin electron pairs. In the homogeneous electron gas, however, the like-spin and opposite-spin pairs contribute almost equally to the correlation energy. Therefore, in molecular systems, correlation energies have to be corrected by subtracting the like-spin contribution. These arguments led Stoll et al. [ 17, 18 ] to the following expression for the correlation potential in the spin-restricted case: The expansion coefficients ai are determined by minimizing the discrepancy index D= (P--P)~ d3r (10) subject to the constraint J p"d3r= N. A quadruple-zeta and triple-zeta basis set of STOs, augmented with dand f-type polarization functions, are used in the case of CO and H20, respectively. The exponents used are reported in ref. [ Non-local exchange-only functionals, reported as being a considerable improvement on LD exchange energies, are taken from Langreth and Mehl (hereafter denoted as LMx) [ 121, based on a formulation in reciprocal space, and Becke ( Bx ) [ 28 1, arrived at from a semi-empirical approach. Both functionals are known to yield energies in close agreement with the corresponding HF values, when calculated from the HF density. However, since density functionals, in general, are not constructed in a variational form, there is no guarantee that a variationally derived energy is an upper bound to the true HF exchange energy. Consequently, an electron density distribution determined variationally may not produce values for the exchange energy in close agreement with the exact values. The same applies to the correlation energy.
Here we present the results of variationally determined electron density distributions, obtained using the local Kohn-Sham exchange-only potential ( KSx, eq. (7 ) ) [ 6 ] and the abovementioned non-local potentials LMx and Bx. Results are compared with electron density distributions obtained from HF wavefunctions. In subsequent calculations, the effect of correlation is taken into account by adding the local correlation potential of Vosko et al. (VWNe) [ 14,15 1, corrected for self-correlation according to the method of St011 et al., to the exchange-only potentials KSx, LMx, and Bx. Results are compared with those obtained from CI wavefunctions, available for He, Li+, Be*+, Be, and Ne.
Unified approaches to exchange and correlation yielded the well-known local Xa potential (eq. (7), with (Y an adjustable parameter, taken to be 0.7 throughout the present work) and, recently, the nonlocal exchange-correlation potential of Langreth and Mehl (LM,,) [ 12 1. Results obtained so far strongly support the superiority of LMxc to Xa results, or LD results in general. Improved LMxo results for the electron density distribution compared to those of the LD approximation arc briefly discussed.
The physical interpretation of the eigenvalues ti and orbitals ei in eq. (2 ) remains unclear. Recently, however, Almbladh and von Barth [ 291 demonstrated that the highest occupied orbital eigenvalue, obtained with the exact (although unknown) density functional, equals the exact ionization energy, even for systems of finite size. For this reason, we also compare orbital eigenvalues with experiment and supposedly exact values.
Finally, the response of the electron density distribution to the inclusion of correlation effects in the exchange-correlation potential is discussed for He, Be, Ne, CO, and H,O respectively.
Atoms
To facilitate a quantitative comparison between DFT, HF, and supposedly exact results, the lower moments of the electron density, defined as ( r") = Jr'p( r) d3r, are calculated for the various exchangecorrelation potentials discussed, and summarized in table 1 for the closed-shell systems He, Li+, Be*+, Be, Ne, Na+, Mg2+, Mg, Ar, K+, and Ca*+. Also shown are the electron densities at the nuclei and eigenvalues of the highest occupied orbit&. Electron densities including correlation contributions, referred to as the exact density, are available for He, Li+, Be' +, Be, and Ne. For He, Li+, and Be2+, these were obtained from Hylleraas-type wavefunctions We first discuss the merits of the exchange-only potentials I&, LMx, and Bx. In figs. la, 2a and 3a, the relative difference between the electron density obtained with these potentials and the HF density is depicted for He, Be, and Ne, respectively, From these results, together with those summarized in table 1, we infer that the non-local exchange-only potentials LMx and Bx represent a significant, though slight, improved on the local KSx potential. Whereas the electron density obtained with the local potential is systematically too low in the high-density region, the non-local Bx results are generally too high. Both the non-local potentials diverge to minus infinity at the nuclear cusps. Although this divergence, originating from the singular character of V2p at the nuclear cusp, reportedly presents no serious problem for the exchange energy, it has a non-negligible influence on the electron density in the core region. The potential LMx almost completely compensates for the deticiencies of the local potential at the nuclear cusp. The leading term in the potential close to the nuclear cusp is 0.0051 (V2p)/p4'3, compared to 0.009 1 (V'p) / p4/3 in the case of potential Bx. Regarding both potentials as a non-local correction to the local potentials K& explains why the difference p&(O) -pKsx (0) is almost twice the difference pLMx(0) -pKSx (0). It can be concluded that both non-local potentials LMx and BX can be regarded as an improvement on the local approximation to exchange, in that they compensate for some deficiencies of the latter, namely a too low core density and too high valence density. Potential Bx, however, overcompensates for these deficiencies.
Including correlation by adding the local correla- scribed above are superior to those obtained with local potentials, the largest discrepancies with the exact results are still mainly due to an improper description of the exchange part of the exchange-correlation potential. Next we focus on the density response to the correlation potential, i.e. the difference between the electron density calculated self-consistently with and without correlation. In fig. 4 , the exact density response, i.e. the difference between the exact and the HF density, is compared with the density response to the local approximation VWNc, corrected for selfcorrelation, and also the response to a non-local correlation-only expression suggested by Langreth and Mehl [ 12 1, hereafter denoted as LMc. In contrast to results not corrected for self-correlation (see e.g. fig.  8 in ref. [ 27 ] ), the effect of eliminating the local correlation potential VWNc for self-correlation, according to the method of Stoll et al. [ 17,181, is to reduce the density response to the correlation potential by approximately a factor of two, thereby im- proving the agreement with the exact results for He. The density response to the correlation potential appears to be virtually independent of the exchange potential used. For He, the tendency of correlation to reduce the density in the intermediate region cannot be reproduced by the local or non-local correlation potential. Close to the nuclear cusp, the non-local approximation fails. Both local and non-local correlation potentials poorly represent the exact density response for Be and Ne. Although one expects a local correlation potential to work well in the valence region, this is obviously not the case. It must be kept in mind, however, that since the total number of electrons is conserved, an erroneous response of the density in the core region must be compensated for by an equally erroneous response in the valence region. The non-local potential LMc cannot be regarded as an improvement on the local potential VWNc, corrected for self-correlation. For the highest occupied orbital eigenvalues, as summarized in table 1, the non-local exchange-correlation potentials discussed above do not represent a significant improvement on their local counterparts.
In summary, although the non-local exchange-correlation energy functionals discussed above reportedly give results for exchange-correlation energies an order of magnitude better than their local counterparts, the electron density distribution, obtained self-consistently with exchange-correlation potentials obtained as their functional derivative, is only moderately improved.
Molecules
Geometries and spectroscopic properties of molecules are surprisingly accurately predicted by density functional methods, and are often superior to HF results. For example, to obtain the correct dissociation limit for Hz, correlation corrections must be applied to HF theory, whereas local approximations to the exchange-correlation potential result in a correct dissociation into neutral atoms. Even local exchange-only potentials, thus neglecting correlation, predict the proper dissociation limit. This puzzle has been largely resolved recently by Cook and Karplus [ 451, who show that in molecules, within the singledeterminant HF approximation, the presence of stateand geometry-dependent ionic errors, relative to the correct HF description of the individual free atoms constituting the molecule, are responsible for most of the error in the HF potential surface, especially at large bond distances. These errors disappear on squaring the single-determinant wavefunction, and are thus not present in the electron density, from which the exchange( -correlation) potential is calculated in DFT. From this we infer that, for atoms, considering the results of the previous section, results for the electron density obtained from DFT calculations with a local approximation to exchange (and correlation) will, in general show little improvement over HF results. However, for molecular systems, DFT will give a better description of the deformation density, i.e. the density redistribution taking place upon forming the molecule (or solid) out of the free atoms constituting the molecule (or solid). We therefore expect estimates of dipole moments obtained from DFT to be in closer agreement with CI results or experiment than the corresponding HF results. There is evidence that this is indeed the case. In table 2, values for the dipole moment of the ground states of CO ( IX+) and HZ0 ( 'Ai ) are listed for various exchange-correlation potentials. In all cases, 52 b)Ref. [39] . "Ref. [40] . d'Ref. [41] . " Ref. [42] . "Ref. [43] . s) Ref. [44] .
density functional results are superior to HF results, and predict the proper sign for the dipole moment of CO. Equilibrium geometries for CO and Hz0 were taken from ref.
[ 461 and ref.
[ 471, respectively. Density gradients, present in the expression for the non-local exchange-correlation potential LMxc, were calculated analytically from the density fin eq. (9). The deformation density, obtained by subtracting the superposition of spherically averaged atomic densities from the molecular electron density, provides direct information about the various aspects of chemical bonding. In the case of CO the deformation density does not seem to be very dependent on the choice of exchange-correlation potential. The difference between the non-local LMxc and local X0.7 and KSx+VWNc results amounts to 2.5Oh at the midpoint of the bond, whereas, from a previous calculation [ 231, we inferred that omitting f-type polarization functions diminishes the deformation density by more than 10% at the bond midpoint. Hence errors due to basis set inadequacies do, in general, outweigh errors introduced by approximating the exchange-correlation potential with a local expression. It should be mentioned, however, that the above arguments only hold provided the reference state, i.e. the free atoms constituting the molecule, is calculated with the same basis set and exchange-correlation potentials as used for the molecule, since only then can inadequacies in the basis set and exchange-correlation potential be expected to cancel.
Finally we consider the net effect on the electron density of taking into account correlation within the local density approximation. The response of the electron density to the addition of the correlation potential VWNc to the exchange-only potential KSx is depicted in figs. 5a and 5b for CO and Hz0 respectively. Comparing these results with those obtained from CI calculations , only the order of magnitude agrees. There is complete disagreement between the topological structure of the DFT and CI results.
Conclusions
A systematic comparison of essentially exact electron density distributions with those obtained for various local and non-local approximations to the exchange-correlation potential, leads us to the following conclusions:
(i) Although non-local functionals give results for exchange and correlation energies an order of magnitude better than their local counterparts, electron densities, calculated self-consistently with an exchange-correlation potential obtained as a functional derivative of the corresponding energy functional, are only modestly improved. A similar conclusion has been reached by Pedroza [ 5 11 .
(ii) Errors in the electron density, due to inadequacies in local and non-local approximations to the exchange part of the exchange-correlation potential, outweigh the correlation contribution to the electron density. Therefore, efforts to improve on present local and non-local exchange-correlation potentials should focus on the exchange part.
(iii) The response of the electron density to correlation is only qualitatively reproduced by the local and non-local correlation potentials discussed in the present paper.
(iv) There is evidence that density functional methods yield deformation densities in better agreement with Cl results or experiment than HF results.
